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Internal filtration in slurry bubble columns ofsers a possible solution to the filtration 
problems related to this reactor type. The applicability of the concept has already been 
demonstrated at full-scale for wastewater treatment, even though a theoretical descrip- 
tion of internal filtration is lacking. Two types of hydrodynamic models were developed 
for a filtering slurry reactor. Both the model of the suqace renewal type and the model 
based on a force-balance approach predict that the solids concentration at the axial 
position of the filter uniquely depenh on a single novel dimensionless number. The 
validity of these theories was demonstrated by measuring filter-cake resistance as an 
indirect measure of solids concentration for a system in batch operation with respect to 
solids. In the experiments the load of solids, permeate flux (J), supe$cial gas velocity 
(U,), particle diameter (dp),  kinematic liquid viscosity (v,), and molar mass of the gas 
were varied. 

Introduction 
In the chemical and process industries a wide variety of 

applications of slurry bubble columns can be found. In this 
reactor type a gas, a liquid, and a solid are brought into in- 
tense contact. The small particles ( <  200 pm) applied are 
kept in suspension solely by the turbulence induced by the 
rising gas bubbles. A strong point of slurry reactors is their 
excellent heat-transfer characteristics, which explains their 
frequent use in processes involving strongly exothermic hy- 
drogenation and oxidation reactions. The reduction of both 
internal and external diffusion resistances accomplished by 
using relatively small particles also constitutes a considerable 
advantage of slurry reactors. Often the solid phase acts as a 
catalyst and needs to be separated from a liquid product. Ex- 
ternal filtration implies displacement of the slurry and expo- 
sure of the solid catalyst to alternating conditions. The for- 
mer is a strenuous operation, while the latter may lead to 
catalyst deactivation. These disadvantages can be avoided by 
performing internal. filtration. 

In sewage sludge treatment internal filtration has success- 
fully been applied at commercial scale (Ishida et al., 1993; 
Kraft and Mende, 1995). The novel technology, originally de- 
veloped in Japan by the Kubota Corporation, offers the pos- 
sibility of operating at higher solids concentrations, which re- 
sults in considerable reduction of reactor size. Furthermore, 
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the sweeping action of the rising gas bubbles strongly reduces 
membrane fouling. Some patents (Rytter et al., 1994; Jager et 
al., 1994) concerning application of internal filtration to Fis- 
cher-Tropsch synthesis have appeared. In both patents cake 
breakdown by gas-flow-driven turbulence is claimed to facili- 
tate slurry filtration. 

When applying internal filtration, cake buildup leads to a 
less effective utilization of the slurry bulk and therefore needs 
to be prevented. If the solid phase acts as a catalyst cake 
buildup may also lead to hot-spot formation, possibly causing 
catalyst deactivation and product decomposition. To the 
knowledge of the authors no detailed hydrodynamic studies 
describing cake buildup in three-phase filtration have ap- 
peared in the literature. In this article the physical properties 
and operating conditions relevant to cake buildup and their 
respective influences are determined. 

Three-Phase Filtration Models 
In the rectangular system considered throughout this arti- 

cle (Figure la) gas and liquid are injected simultaneously at 
the bottom. Gas leaves the column at the top, while liquid is 
drained through the permeable sides of the filter zone. A 
certain weighted amount of particles is contained in the col- 
umn, that is, the system operates in batch with respect to 
solids. In the axial direction solid-phase distribution is influ- 
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Figure 1. Filtering slurry bubble column used in the ex- 
periments: (a) front view of the column; (b) top 
view of the filter zone. 

enced by net upward liquid convection (if present), sedimen- 
tation due to the density difference between solids and liq- 
uid, and dispersion caused by gas-induced liquid motion. 
There is no net flow of liquid in the region above the filter 
(top zone), since all entering liquid leaves the column through 
the permeable sides. In the filter zone particles tend to ad- 
vect to the filter with the permeating liquid, leading to cake 
buildup. Particles are, however, swept away from the filter 
due to gas-induced turbulence. Figure 2 gives an overview of 
the relevant transport mechanisms. 

Axial distribution of the solid phase in a filtering slurry 
system is very similar to that in an ordinary slurry system. 
The present article therefore focuses on the description of 
the distribution of the solid phase in the radial direction. Two 
models that have been developed for this purpose are dis- 
cussed. Since both models are partially based on Kolmogo- 
roffs theory of local isotropic turbulence, the latter is dis- 
cussed first. 

As will become clear during the discussion of the radial 
models, their validation requires measurement of solids con- 
centration. In the experiments performed this quantity is, 
however, not measured directly. Instead the resistance of the 
filter cake has been measured as a function of imposed con- 
ditions (U,, J ,  d,, q) and load of solids (M,,,,,) and scaled by 
its maximum value for the same batch of solids. In this way 
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Figure 2. Overview of mechanisms relevant for the three 
phases present. 
C = convection, D = dispersion, R = resuspension, S = 

sedimentation. 

the so-called cake ratio (CR) is obtained, which is an indirect 
measure of solids concentration at the axial position of the 
filter under certain assumptions. Therefore at the end of this 
section models for radial and axial solids distribution are 
combined into models describing hydrodynamic behavior of 
the solid phase in the filtering slurry column considered in 
this article (Figure la). From the distribution of the solid 
phase in the system, the volume of solids present in the cake 
and therefore its resistance and the cake ratio can be calcu- 
lated, allowing comparison of experimental and model re- 
sults. 

Kolmogorofls theory of local isotropic turbulence 
In slurry bubble columns Kolmogoroff's theory of local 

isotropic turbulence has successfully been applied for the de- 
scription of liquid-to-solid mass transfer (see, e.g., Beenack- 
ers and van Swaaij, 1993) and wall-to-slurry heat transfer 
(Deckwer and Schumpe, 1985). Some objections have been 
raised against its application, however (Deckwer and 
Schumpe, 1985). 

In a system in turbulent motion, macroscopic eddies are 
formed at the scale of the system itself. In bubble columns 
the formation of these large-scale eddies is induced by the 
motion of the rising gas bubbles. The macroscale eddies 
transfer kinetic energy to smaller-scale eddies. This process 
repeats itself until eddies of a certain scale dissipate kinetic 
energy into heat. If the Reynolds number exceeds a critical 
value, Kolmogoroff states that the universal equilibrium range 
exists (Hinze, 1975). The microscale eddies in this range then 
are responsible for the dissipation of kinetic energy from the 
system and behave isotropically, that is, they have lost any 
directional dependency. It is postulated that their behavior 
depends exclusively on energy dissipation rate per unit mass 
of liquid ( E )  and kinematic liquid viscosity (71,). From dimen- 
sional analysis, scales of length, velocity and time characteris- 
tic of energy-dissipating microscopic eddies can be deduced: 

, 9 , 1/4 
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The Kolmogoroff length scale can be seen as the size of the 
smallest eddies present in the system (Hinze, 1975). 

SuMace-renewal model 
Higbie's surface-renewal theory was successfully applied by 

Deckwer (1980) to describe wall-to-bulk heat transfer in bub- 
ble columns. For the exchange of particles between the slurry 
bulk and a filter cake, a similar approach can be undertaken. 
Small fluid elements remain at the cake surface for a certain 
contact time, after which they are replaced and remixed into 
the slurry bulk (Figure 3). During their stay at the cake sur- 
face unsteady convection and diffusion of particles occur, 
which can be described by 

(4) 

The necessary initial and boundary conditions are given by 

t = 0,x  2 0 :  €, = €,,b (5 1 

t > o , x >  0 :  €,= €,,*. (7) 

t >O,x=O:  €,=€,,, (6) 

The system is at hydrodynamic equilibrium if the time-aver- 
age flux of particles at the cake surface ( x  = 0)  during the 
residence time T,, equals zero. Another way to express the 
equilibrium condition is that the net accumulation of parti- 
cles in the liquid elements after their stay equals the amount 
entered from the slurry bulk by convection: 

Table 1. Closure equations of the Surface-Renewal Model 

E = U,g 

Chapman and Leighton (1991) 

The surface-renewal model requires closures for the resi- 
dence time T,, and the diffusion coefficient 0,. For the first 
quantity an expression can be deduced from the description 
of heat transfer in slurry bubble columns proposed by Deck- 
wer et al. (1980). These authors showed that the relationship 
derived by Deckwer (1980) also holds for slurry bubble 
columns, provided that the physical properties of the liquid 
are replaced by mixture properties of the slurry (Table 1). In 
their approach the residence time is set proportional to the 
Kolmogoroff time scale, assuming that microscale eddies are 
responsible for radial mixing. 

Shear induced diffusion has been shown to be the main 
mechanism responsible for particle resuspension in laminar 
crossflow microfiltration of particles in our size range (Davis, 
1992). Under the influence of shear, particles will diffuse to- 
ward regions of lower viscosity and solids concentration. The 
shear-induced diffusion coefficient has been measured by 
Chapman and Leighton (1991) and by Leighton and Acrivos 
(1986). The best fit given by Chapman and Leighton is used 
here in a simplified form as a closure for the diffusion coeffi- 
cient 0, (Table 1). The unknown shear stress can be calcu- 
lated, assuming that the characteristic shear rate is propor- 
tional to the reciprocal of the Kolmogoroff time scale. This 
seems to be a reasonable assumption, if particle resuspension 
from the filter cake can be attributed to the microscale ed- 
dies. The unknown proportionally constant C, needs to be 
fitted from experimental data. 

After substitution of the equations given for residence time 
and diffusion coefficient, the following dependency holds for 
the equilibrium solids bulk concentration: 

The density ratio enters the equation through the kinematic 
slurry viscosity (Table 1). It is expected to be of minor impor- 
tance for slurries containing only a few volume percent of 
solids as used in our experiments (Table 2). If the solids 
holdup in the cake is further considered to be constant, it 
follows that the equilibrium solids concentration in the slurry 
is given by 
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Table 2. Range of Experimental Conditions* 

Min. 0.50 0.83 0.77 41 0.66 10 15.0 0.70 
Max. 3.50 2.15 2.00 96 1.31 40 60.0 2.82 

*Quantities relevant to cake buildup number in italic. E , , , , ~  = solids volume/total G/L/S slurry volume 

Thus the model predicts the existence of an equilibrium solids 
concentration, which should depend on a single dimensionless 
number. 

Though this model cannot be solved analytically for the 
general case of varying € 5 ,  a limiting solution can be derived 
that is valid for the solids concentration range considered (see 
the Appendix). This limiting solution is applied in the model 
to be discussed in the subsection titled “ Filtering-Slurry Bub- 
ble-Column Model.” 

Strictly speaking, shear-induced diffusion is a phenomenon 
occurring under laminar conditions. Therefore the approach 
followed here seems rather crude. An alternative is offered 
by the force-balance model, which we discuss next. 

Force-balance model 
Consider a single particle at the axial position of a filter in 

a three-phase system. Due to permeate flow, the particle ex- 
periences a drag force, which for particles in the Stokes 
regime can be written as 

(11) 

The equation of Wen and Yu (1966) is used to correct the 
drag force acting on an isolated particle for the presence of 
other particles. 

(12) 

The drag force exerted on the particle by the permeate flow 
is counteracted by the resuspension force caused by turbu- 
lent eddies: 

(13) 

For the fluctuation velocity of the relevant eddies, Davies 
(1972) gives, for a pure fluid, 

This equation was derived for medium-scale eddies, which 
are assumed insensitive with respect to fluid viscosity. For 
microscale eddies, substitution of the Kolmogoroff length 
scale leads to the Kolmogoroff velocity scale. 

Locally, turbulence is damped due to the presence of the 
particles. Following Davies (1986) we correct for this phe- 
nomenon in a simple manner, since no quantitative knowl- 
edge is available at present: 

(15) 

At hydrodynamic equilibrium the two forces balance each 
other, which leads to 

The choice of the length scale of the resuspending eddies 
is by no means trivial. Davies (1986, 1987) was able to de- 
scribe resuspension both in horizontal pipe flow and stirred 
tanks, assuming that particle diameter is the relevant length 
scale. Bearing in mind the relevance of microscale eddies in 
connection with radial dispersion, the Kolmogoroff length 
scale might also be a good option. A third option is to con- 
nect the length scale of the resuspending eddies to the diam- 
eter of the bubbles, since their motion acts as the source of 
turbulence in our system. For reasons of simplicity a direct 
proportionality might be assumed. 

Depending on the length scale chosen, the equilibrium 
condition can now be rewritten in the following general form: 

a=O 

1 
2 

a = -  

In all three cases considered the force-balance model also 
leads to a single dimensionless number that determines the 
equilibrium value of solids bulk concentration. Note that upon 
choosing the Kolmogoroff length scale, the force-balance model 
and the penetration model even result in the same dimensionless 
number. In this case the weak dependency on the density ra- 
tio also reappears (Eq. 17; Table 11, which can be neglected 
based on the arguments mentioned in the previous subsec- 
tion. 

In the dimensionless number of relevance, gas velocity, 
particle diameter, and kinematic liquid viscosity possess dif- 
ferent exponents for different choices of A. Therefore no se- 
lection is made at this point and it is left up to experiment to 
decide on the correct magnitude of the resuspending eddies. 

Filtering-slurry bubble-column model 
Either of the two models discussed in the previous sections 

can now be embedded in a model describing hydrodynamics 
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of the rectangular filtering-slurry bubble column used in the 
experiments (Figure 1). This column is equipped with two 
filters in parallel at a certain axial position, where depending 
on imposed conditions (U,, J ,  d,, ut) and load of solids (M,,,,,) 
a cake of particles may form. In the experiments performed 
the resistance of the cake is measured and scaled by its maxi- 
mum value for the same batch of solids. In this way the so- 
called cake ratio is obtained, which is an indirect measure for 
solids concentration at the axial position of the filter under 
certain assumptions. In the model cake resistance follows 
from the Kozeny-Carman equation, assuming that a uniform 
cake is formed on the filter: 

Maximum cake thickness for a uniform cake can be calcu- 
lated from the load of solids: 

Therefore. for a uniform cake it holds: 

(19) 

For a uniform bulk its solids content is directly propor- 
tional to solids concentration in the vicinity of the filter as 
determined by one of the two radial models. In this case in 
the model calculations cake ratio is a measure for solids con- 
centration, since it is by definition a measure for solids con- 
tent in the slurry bulk (Eq. 20). In our model axial nonuni- 
formities are accounted for by the well-accepted sedimenta- 
tion-dispersion model. From the model calculations we will 
examine the extent to which radial effects dominate the influ- 
ence of axial concentration gradients. 

Cake thickness at equilibrium for a specific set of imposed 
conditions CU,, J ,  d,, u,> and load of solids (M,,,,,) is deter- 
mined iteratively. For an arbitrary cake thickness and a cer- 
tain set of imposed conditions, the mass of solids that would 
be present in the column at equilibrium can be calculated 
from the model, as is discussed later. If this value exceeds the 
load of solids present in the system, the equilibrium thickness 
is less than its present value, while in the opposite case equi- 
librium thickness exceeds its present value. In the model cal- 
culations cake thickness at equilibrium is determined by bi- 
section at the interval [O,S,,,,,] with a relative accuracy of 

In the calculation of the equilibrium mass of solids the col- 
umn is subdivided in a region below the filters (bottom zone), 
a region at the height of the filters (filter zone), and a region 
above the filters (top zone): 

with respect to interval width. 

In the filter zone axial variations are neglected and solids 
concentration ( e,Th) is determined either by the surface-re- 
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Table 3. Expressions for Solids Content in the Filter Cake 
and in the Bulk of the Three Zones 

newal model (Eq. All or the force-balance model (Eq. 17). 
Due to cake formation cross-sectional area may be reduced 
(Figure lb), leading to a higher superficial gas velocity in this 
region: 

w-26, 
a,, = ~ w .  (23) 

The equilibrium mass of solids that can be present in the 
bulk of the filter zone for a certain cake thickness then fol- 
lows from the equilibrium value of solids concentration (Ta- 
ble 3). In this calculation solids holdup in the slurry bulk is 
multiplied by slurry holdup, (1 - E ~ ) ,  to obtain solids volume 
fraction based on the volume of the three phases present. 
The required value for gas holdup is obtained from the equa- 
tion given by Darton (1984) (Table 4). 

Knowledge of the solids concentration profile in the re- 
gions above and below the filter zone is required for deter- 

Table 4. Closure Equations of the Continuously Filtering 
Slurry Bubble-Column Model 

(1 +0.009Re,Fr;o.8) 
Pe, = 13Frg 

1 + 8 Fri.85 

Kato et al. (1972) 

L$ = 1.33 ,"."U: "((1 - E ~ , ~ ) ' . '  

( P ,  - P,)& 
,= 

18% 

Vol. 44, No. 6 1281 



mining the equilibrium mass of solids that could be present 
there. A sedimentation-dispersion (SD) model (Cova, 1966) is 
applied for this purpose. Since the experiments were per- 
formed in batch mode with respect to solids, the SD model 
can be reduced to 

(24) 

Sedimentation velocity and axial dispersion coefficient are 
calculated according to Kato et al. (Table 4). 

Bearing in mind that at the bottom of the top zone ( z  = 0) 
solids concentration equals its value in the filter zone (c,Tb), 
the SD model can be solved to give the solids concentration 
profile in this region: 

The equilibrium mass that could be present in the top zone 
then follows by integration (Table 3). In the derivation of the 
these results, sedimentation velocity and gas holdup are as- 
sumed to be independent of height, which is allowed since 
applied slurry concentrations are low (Table 2). A similar 
procedure is followed for the bottom zone. 

The model discussed in this section is dedicated to the setup 
used in this work. The approach followed can, however, be 
applied to any filtering slurry system. Moreover, it should be 
emphasized that the models describing radial distribution of 
the solid phase discussed in the two previous sections have a 
general validity. Their inclusion in the filtering-slurry 
bubble-column model is only required to allow their valida- 
tion by the experiments performed. 

Equipment and Experimental Procedure 
The experiments were performed in a rectangular Perspex 

slurry bubble column (W = 25 mm; L = 50 mm) possessing 
filters 488 mm in length on two parallel sides 40 mm distant 
from the bottom (Figure 1). The top section of the column 
consists of a cone with a removable cover. The filters consist 
of 325 x 2,300 mesh stainless-steel wire gauze attached to a 
perforated plate (d  = 2 mm) using double-sided adhesive tape 
0.09 mm thick. In the axial direction the permeable area was 
divided into four equally sized parts by dams 8 mm high, 
leaving a 116x50 mm2 permeable area per part. Each part 
had its own collection compartment equipped with a liquid 
outlet at the bottom, a pressure indication point at half- 
height, and a deaeration outlet at the top. At the half-height 
of each compartment the back wall of the column contained 
pressure indication points covered with 165 X 1,400 mesh wire 
gauze to prevent solids discharge from the column. For the 
same reason the bottom of the column was covered with 325 
X2,300 mesh wire gauze, supported on top using a perfo- 
rated plate (d  = 1 mm). In the experiments reported in this 
study only the left and right top compartments were used 
(Hbottom = 412 mm; ITfilter = 116 mm). 

In Figure 4 a flow scheme of the experimental setup is 
shown. Mass flow controllers (Brooks, type 5850 TR) were 
used to provide for equal gas distribution through the six gas 

L 

I I W  

Figure 4. Experimental setup. 

injection tubes (d  = 1 mm) of the column. Gas leaving the 
column passed through a water lock to enable pressure con- 
trol. In our study helium (He), nitrogen (N2), and sulphur 
hexafluoride (SF,) were used as gaseous media. A pump, 
equipped with a frequency controller, continuously fed dem- 
ineralized water from a storage vessel to a PURA ultraviolet 
disinfection/active carbon filtration system, followed by a 
depth filter. Prior to entering the column, water passed 
through a rectangular packed bed 50 mm high consisting of 
2.5-mm glass spheres surrounding the gas-injection tubes. For 
each compartment water flow rate from the column to the 
storage vessel was controlled with a Brooks Rotameter. A 
weighed amount (15-60 g) of glass beads ( p, = 2,890 kg*m-3) 
possessing narrow size distributions could be added to the 
column by the conical top section. The volume average diam- 
eters of the applied batches of solids were 41, 42, 57 and 96 
Fm, respectively. 

Experiments were performed both in the absence and the 
presence of particles. The resistance due to cake-layer forma- 
tion could be determined from the difference in resistance to 
filtration between both cases. In the experiments in an un- 
loaded system, that is, in the absence of particles, liquid tem- 
perature and flow rates of liquid and gas were set to the de- 
sired values. Liquid temperature was controlled by pumping 
water from a thermostatic bath through a spiral submerged 
in the liquid storage vessel. Liquid temperature (viscosity) was 
measured just before the injection and at the top right outlet. 
Pressure drops were measured applying manometers with a 
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common enclosed gas cap using water from the column as 
manometer liquid. To increase measurement accuracy the 
manometers were mounted under an angle of 30" with re- 
spect to the horizontal. 

In the experiments with particles present the liquid tem- 
perature and flow rate and gas flow rate were set first. Then 
the level of the gassed slurry was adjusted to 589 mm (Iftop = 

61 mm) by manipulating the rotameter valves and, if neces- 
sary, column pressure. Care was taken to keep the flow rates 
of the effluent equal on both sides. When the system seemed 
to stabilize, any filter cake that might be present was de- 
stroyed by setting gas velocity equal to 3.5 cm/s and tem- 
porarily blocking liquid outflow. Then the gas velocity was 
gradually reduced to its desired value. If necessary, the ro- 
tameter valves were slightly adjusted to keep the steady-state 
slurry level constant. Finally, the flow rates of liquid and gas, 
liquid temperature (viscosity), and determined pressure drops 
were recorded. The range of experimental conditions studied 
is reported in Table 2. 
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Results and Discussion 
Filter resistance 

was determined using Darcy's law: 
Prior to adding particles to the system, filter resistance ( R )  
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(26) 

+ U Q  = 3 5 cmlr _ _  ___ a ~~ 
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~~ 

This quantity was shown to be independent of liquid flow 
rate, gas velocity, and temperature. For several reasons (e.g., 
fouling) filter resistance may change in the course of time. 
Filter resistance was therefore checked on a daily basis after 
particles had been added to the system. Four measurements 
spanning the full range of gas and liquid flow rates were re- 
produced. If necessary, filter resistance was corrected based 
on these measurements. 
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Reproducibility and symmetry 
For each set of operating conditions the total resistance to 

filtration was calculated from Darcy's law for both compart- 
ments. Subsequently, cake resistances were determined by 
subtracting the respective filter resistances from the total fil- 
tration resistances. When the flow rates of both compart- 
ments were allowed to deviate by 10% while keeping total 
flow constant, the left and right cake resistances differed by a 
factor of 2 or more. However, average of the cake resistance 
of both sides then only changed by 3% and was therefore 
considered a reliable measure for cake resistance at a certain 
average permeate flux. Reproducibility was found to be well 
within 3%, except for very low cake resistances where errors 
up to 20% were observed. 
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Maximum resistances 

For the particle sizes and loads of solids listed in Table 2 
the maximum cake resistance was determined by setting the 
gas flow rate to zero, while setting the liquid flow rate to its 
maximum value. Maximum resistance was proven to be di- 
rectly proportional to the load of particles and inversely pro- 

portional to the square of Sauter mean particle diameter. As- 
suming a cake solidity of 0.63 and a uniform cake, all mea- 
sured maximum resistances could be described well by the 
Kozeny-Carman equation. 

Cake ratio 
To allow direct comparison of the experiments performed 

for different particle sizes, the cake resistance was scaled by 
its maximum value to obtain a dimensionless quantity termed 
the cake ratio. In case the resistance of the cake is a mono- 
tonically increasing function of the cake volume, this quantity 
represents an indirect measure of the volume of solids con- 
tained in the slurry bulk. If volume of solids in the slurry bulk 
is an increasing function of solids concentration at the axial 
position of the filter, cake ratio can be seen as an indirect 
measure for the latter and should therefore depend on the 
same dimensionless number. These conditions are the weak- 
est that can be formulated for cake ratio being a measure for 
solids concentration and are considerably less stringent than 
those mentioned in the subsection on the filtering-slurry bub- 
ble-column model. 

Influence of gas velocity 
In Figures 5 and 6 results of experiments are shown in 

which gas velocity and permeate flux were varied simultane- 
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Figure 7. Experimental results for simultaneous varia- 
tion of gas velocity, permeate flux, and parti- 
cle diameter. 
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Figure 9. Experimental results for simultaneous varia- 
tion of gas velocity, permeate flux, and tem- 
perature. 
Results are plotted assuming the exponent of kinematic Iiq- 
uid v ~ o s i t y  to bc + 112 30-g gld\s beadc d ,  = 41 Fm,  gas 
- N ,  

ously. As evident from Figure 5 ,  measured cake ratios can be 
described well by a single curve, assuming the exponent of 
gas velocity is -1/2. On the left side of the curve the cake 
ratio assumes low values, implying almost complete particle 
suspension, while on the right side of the curve the cake ratio 
approaches 1, implying that all particles have moved into a 
cake. The residual resistance on the left side of the curve can 
be attributed to the geometry of the filter. Even though on 
average turbulence is able to resuspend the particles, at the 
position of the holes of the carrier plate, liquid velocity may 
be higher than permeate flux for low cake ratios, leading to 
the formation of a small cake. In the dimensionless numbers 
derived, the only exponents occurring for gas velocity are 
-1/2 and -2/3. Supposing the gas-velocity exponent is 
-2/3, the unique dependency of the cake ratio is no longer 
observed (Figure 6). 

ing eddies, an exponent --5/3 was derived from the force- 
balance theory. Taking this value for the exponent of particle 
diameter, clearly no unique dependency of cake ratio is ob- 
served (Figure 8). The dimensionless number based on the 
particle diameter as the characteristic length scale should 
therefore probably be rejected. 

Infuence of liquid kinematic viscosity 
The results of experiments in which permeate flux, gas ve- 

locity, and temperature were varied are shown in Figures 9 
and 10. Taking an exponent + 1/2 for liquid kinematic viscos- 
ity, measured cake ratios can be described by a single curve 
(Figure 9). When the length scale characteristic of the resus- 
pending eddies was assumed to be proportional to bubble 
diameter or equal to particle diameter, an exponent + 1 for 
viscosity was found. Clearly no unique dependency of cake 
ratio is found for this value of the exponent (Figure 10). The 
dimensionless numbers based on particle diameter and a 
quantity proportional to bubble diameter as the length scale 
characteristic of the resuspending eddies should therefore be 
rejected. 

Infuence of particle diameter 
From Figure 7 it can be seen that experimentally deter- 

mined cake ratios fall on a single curve, assuming an expo- 
nent - 1 for particle diameter. Assuming that the particle 
diameter is the length scale characteristic to the resuspend- 
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Figure 10. Experimental results for simultaneous varia- 
tion of gas velocity, permeate flux, and tem- 
perature. 
Results are plotted assuming the exponent of kinematic 
liquid viscosity to be + I :  30-g glas beads, d, = 41 pm, gas 
= N 2 .  
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Experimental results for simultaneous varia- 
tion of gas velocity, permeate flux, and parti- 
cle diameter. 
Results are plotted assuming the exponent of particle diam- 
eter to be - 5/3: 30-g glass beads, T = 2 9 T ,  gas = N Z .  

Figure 8. 
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Figure 11. Experimental results for simultaneous varia- 
tion of gas velocity, permeate flux, particle 
diameter, and temperature. 
60-g glass beads, gas = N 2 .  

Dimensionless number 
From the foregoing it can be seen that for 15 g of particles, 

only one of the dimensionless numbers derived shows a 
unique relationship with the cake ratio. Similar results were 
obtained for 30 and 60 g of beads (Figure 11). The correct 
dimensionless number, hereafter called cake buildup number 
( H k ) ,  can be derived from the surface-renewal model as well 
as from the force-balance model provided that in the latter 
the Kolmogoroff scale is assumed to be the length scale of 
the resuspending eddies. Experimentally determined expo- 
nents are based on cake ratio measurements, however, and 
not on solids holdup measurements. Therefore the exponents 
found might have been influenced by axial effects. An indica- 
tion of this influence can be obtained from model calcula- 
tions and is discussed in more detail later. 

Model predictions 
The optimal values of the unknown constants in the force- 

balance model i a )  and the surface-renewal model (C,) were 
determined by fitting the filtering-slurry bubble-column model 
to experiments for CR=0.5 for each load of particles ap- 
plied (Table 5). Since measured curves are at their steepest 
in this region, the dimensionless number corresponding to 
CR = 0.5 can be determined accurately. Note that the fitted 
damping factors are in the same order of magnitude as the 
values reported by Davies (1986). 

From Table 5 it can be seen that depending on the load of 
solids, fitted values for the unknown constants vary by a fac- 
tor of 2-2.5. These are only small variations if one considers 
the simplicity of the models applied. In Figures 12 and 13, 
respectively, the fitted cake ratio curves are shown for the 
surface-renewal model and the force-balance model at a solids 

Table 5. Fitted Values for the Unknown Constants in the 
Force-Balance Model ( (Y and the Surface-Renewal Model 

(Cw)  
- 

M ,  [gl 15 30 60 
Ly 4.0 10.0 5.0 
c,, 1.40 1.80 3.40 

- 
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Figure 12. Experimental and surface-renewal model 
(C,  = 1.40) results for simultaneous varia- 
tion of gas velocity, permeate flux, and load 
of solids. 
The dimensionless number has been corrected for cross 
sectional area reduction (Eq 22) d, = 96 pm, T = 29°C. 
gas=  Y, 

load of 15 g. Except at low cake ratios, the surface-renewal 
model performs rather well, while the force-balance model 
results in a curve that is much steeper than the experimen- 
tally observed curve. 

Knowing the value of C,, the ratio of penetration depth 
and particle diameter follows from Eq. A3. Since applied 
solids concentrations are low, viscosity and density of the 
slurry almost equal the properties of the liquid. It then fol- 
lows that penetration depth and particle diameter are of the 
same order of magnitude for the experiments described, 
which renders the validity of the derivation of the surface-re- 
newal model somewhat doubtful. The excellent descriptive 
qualities of the model, however, strongly plead in favor of its 
applicability. 

According to both the surface-renewal model and the 
force-balance model, solids concentration at the axial posi- 
tion of the filter should uniquely depend on the cake buildup 
number. The same dependency does not necessarily hold for 
the cake ratios calculated from the filtering-slurry bubble-col- 
umn model, however. Solids content of the slurry bulk, and 
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Figure 13. Experimental and force-balance model (a = 
4.0) results for simultaneous variation of gas 
velocity, permeate flux, and load of solids. 
The dimensionless number has been corrected for cross 
sectional area reduction (Eq 22) d, = 96 pm T = 29°C 
gas = N 2  
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Table 6. Cake Buildup Number Exponents vs. Optimal 
Exponents Found Upon Substitution of the Two Radial 

Models Developed in the Filtering-Slurry Bubble-Column 
Model 

ux 4 UC 

Cake Buildup number - 0.50 - 1.00 0.50 

Force-balance model - 0.48 -0.985 0.485 
Surface-Renewal model - 0.42 - 0.88 0.42 

Base case: 15-g glass beads, 1; = 0.5 cm/s, U,= 0.77-2.00 cm/s, d p  = 

96 prn, T = 29°C. 

therefore cake ratio also depend on axial dispersion, sedi- 
mentation, and gas holdup. Cake-ratio curves were therefore 
calculated by varying permeate flux at a solids load of 15 g 
for different values of gas velocity, kinematic liquid viscosity, 
and particle diameter. Optimal exponents ( a )  were detcr- 
mined for the quantities ( q )  considered by letting the curves 
of cake ratio vs. J - q "  intersect in the vicinity of CR = 0.5. 
The exponents found compare quite well with the exponents 
in the cake buildup number (Table 6). Deviations found can 
be explained by the influence of superficial liquid velocity on 
the axial solids distribution. If permeate flux is increased to 
keep the cake buildup number constant compared to a cer- 
tain reference state, superficial liquid velocity is also in- 
creased. This leads to a reduction of solids content in the 
bottom zone and thus to an increase in cake ratio. 

Length scale of the resuspending eddies 
Model calculations indicate only a minor influence of axial 

effects on the dimensionless number found. It can therefore 
be concluded from the experimentally validated dimension- 
less number that the resuspending eddies in our system can 
be characterized by the Kolmogoroff scales. For the resus- 
pension in stirred tanks (Davies, 1986) and in horizontal pipe 
flow (Davies, 1987) it was shown, however, that the resus- 
pending eddies are well characterized by the particle diame- 
ter as the characteristic length scale. This difference may be 
attributed to the ratio of particle diameter and Kolmogoroff 
length scale. In the experiments described in this article par- 
ticle diameter was varied between 41 and 96 pm, while the 
Kolmogoroff length scale varies between 30 and 82 pm. While 
in our system the Kolmogoroff eddies are of the same order 
of magnitude as the particle diameter, this is not the case for 
the systems described by Davies. For the pipe flow system 
the particle diameter exceeds the Kolmogoroff scale by a fac- 
tor ranging from 3 to 148, while a value of 50 is mentioned by 
the author as a typical ratio in the stirred-tank situation. Ap- 
parently particles are mainly influenced by eddies of a size 
comparable to their own, which is in agreement with the ob- 
servations by Kuboi et al. (1972). 

Influence of gas density 
One might argue that in the previous discussions bubble 

diameter was assumed constant. If one would substitute the 
correct dependencies for the bubble diameter, the correct ex- 
ponent for viscosity might appear. To overcome this defi- 
ciency, experiments were performed in which gas density was 
varied. It is well established from the literature that in a 
gas-liquid bubble column gas holdup increases and bubble 
diameter decreases with increasing gas density (Wilkinson, 
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Figure 14. Experimental results for simultaneous varia- 
tion of gas velocity, permeate flux, and molar 
mass of the gas. 
Results are plotted assuming the exponent of gas velocity 
to be - 1/2: 60-g glass beads, d, = 57 F m .  T = 29°C. 

1991). Since in a slurry bubble-column axial pressure drop is 
due to hydrostatic pressure, in an unloaded system gas 
holdups could be determined from the readings on the cen- 
tral pressure indication points. Gas holdups determined at 
29°C for gases with different molar masses (He, N2, SF,) 
showed the expected trend. Thus it seems probable that in 
our setup bubble diameter is also influenced by the molar 
mass of the gas. We did not, however, find any effect of the 
molar mass of the gas on the filtration behavior observed in 
our system (Figure 14). From this we can conclude that the 
bubble diameter is of no importance to the filtration hydro- 
dynamics in our column. 

Influence of Load of Solids 
In Figures 12 and 13 the influence of the load of solids on 

the experimentally determined and theoretically calculated 
cake ratio curves is shown. The gas velocity used in the cake 
buildup number has been corrected for cross-sectional area 
reduction due to cake formation (Eq. 22). For the unknown 
constants in both models ( i t . ,  C, and a )  the values obtained 
by fitting to results for a 15-g load were used. It follows both 
from experiments and from theory that the cake ratio for a 
certain value of the cake buildup number increases with the 
load of particles. 

If it is assumed that the total mass of solids in the bulk is 
directly proportional to its concentration at the axial position 
of the filter, both the surface-renewal model and the force- 
balance model predict that at each value of the cake buildup 
number there exists a certain equilibrium content of solids in 
the bulk that is independent of the load of solids in the sys- 
tem. Further assuming that cake resistance is directly propor- 
tional to cake volume, cake ratio can be seen as the volume 
fraction of the particles present in a system that is part of the 
cake. It then follows from a mass balance: 

Ps 

The first part of the preceding equation indicates that as 
long as there are no particles in the cake, the bulk can at 
least contain the volume of solids present in the system. If 
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Figure 15. Effect of mass-balance-based load transfor- 
mation (Eq. 28) on experimental and sur- 
face-renewal model (C, = 1.40) results. 
The dimensionless number has been corrected for cross- 
wctional area reduction (Eq 22) d ,  = 96 pm, T = 29°C 
gas = N ,  

there are particles present in the cake, the bulk of the system 
exactly contains its equilibrium content, as presented by the 
second part of Eq. 27. The equilibrium content of solids at a 
certain value of the cake buildup number, as calculated from 
the preceding equation for a certain load of particles, can 
now be used to obtain the cake ratio at the same cake buildup 
number at any lower load. After some rearrangement, this 
leads to: 

Using the preceding equation cake ratio curves for a cer- 
tain load of particles can be predicted from results at an arbi- 
trary higher load. It can be seen from Figure 15 that the 
transformation performs quite well within the framework of 
the surface-renewal model. Similar results for the force-bal- 
ance model are not shown here, since the transformed curves 
lie almost on top of each other. The remaining deviation can 
be explained on the basis of an effect of liquid velocity. At a 
certain superficial gas velocity, the gas velocity in the filter 
zone is higher at a higher load of solids due to the fact that a 
part of the available cross-sectional area is blocked by the 
cake present. Therefore at the same cake buildup number 
permeate flux and liquid velocity are higher, leading to a re- 
duction of solids volume in the bottom zone and an increase 
in cake volume and ratio. 

The experimental results show the inverse trend as com- 
pared to theory. This may be due to the presence of the 
residual resistance on the left of the curves, which is not pre- 
dicted from theory. Another effect that may have influenced 
the shape of the curve is particle-size distribution (PSD). Even 
though particles with a narrow size distribution have been 
used, they still possess a certain amount of polydispersity. 
Therefore the particles responsible for the final quarter of 
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the resistance of 60 g of glass beads may be significantly larger 
than the particles present in 15 g of glass beads. On the other 
hand, their concentration will be higher since specific resis- 
tance is inversely proportional to particle diameter squared 
(Eq. 18). If the effect of increased diameter to be substituted 
in the dimensionless number outbalances the influence of 
concentration increase, model predictions will indicate the 
same qualitative trend with respect to the influence of the 
load, as the measurements do. Effects of PSD on equilibrium 
at the axial position of filters and axial solids distribution are 
the subject of further study. 

Conclusion 
For internal filtration in slurry bubble columns, a novel di- 

mensionless number has been derived on the basis of two 
different theoretical approaches. The resulting models pre- 
dict that this dimensionless number uniquely determines the 
solids bulk holdup at the axial position of the filter. Experi- 
ments in which the resistance of the filter cake was deter- 
mined as an indirect measure of solids concentration have 
proven the validity of the novel dimensionless number. The- 
ory and experiment do differ, however, with respect to the 
shape of the measured curves and the influence of the load 
of solids. These discrepancies may be.partly attributed to the 
neglect of the influence of particle-size distribution in both 
model types. 

The characteristic length scale of the resuspending eddies 
in our system corresponds to the Kolmogoroff length scale. 
For resuspension in stirred tanks and in slurry pipe flow, the 
characteristic length scale of the resuspending eddies equals 
the particle diameter. In our system particle diameter and 
Kolmogoroff length scale are of the same order of magnitude 
(which is quite common in slurry bubble columns), while in 
the other cases particle size significantly exceeded the Kol- 
mogoroff length scale. The ratio of particle size and Kol- 
mogoroff length scale therefore appears to determine the 
length scale of the eddies responsible for particle resuspen- 
sion. 
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Notation 
ub =slurry fraction of the cross-sectional area in the filter zone 
C, =proportionality constant in the surface-renewal model 

d, =hydraulic column diameter, m 
g =gravitational force per unit mass, m.s -2  
L =width of a filter plate, m; depth of column, m 

t =time, s 

D,,,, =solids axial dispersion coefficient, m2 * s-' 

K, =specific cake resistance, m-2 

V, = Kolmogoroff velocity scale, m . s- 
V, =terminal velocity of a single particle in a stagnant fluid, m * s-' 

V s  =volume of solids, m3 
V* =volume of solids present in the bulk at hydrodynamic equilib- 

rium, m3 
W = distance between filter plates, rn; width of column, m 
x =radial distance from filter cake, m 
z =axial coordinate, m 
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Dimensionless numbers 
Frg = U /&d,), Froude number 
Pe, = dd,,/Dax,s, Peclet number 
Re, = u,dp/u,, particle terminal Reynolds number 

Greek letters 
Ap=pressure drop, kg.m -‘ .s-’  

eg =volume fraction of gas; 1 -(volume fraction of slurry) 
E, =volume fraction of solids in slurry; 1 -(volume fraction of liq- 

uid in slurry) 
9 =dynamic viscosity, kg-m-’.s-’  
p = density, kg - m ‘ 
w =surface tension. kg.s-* 

Subscripts and superscript 
b =bulk property 
k = Kolmogoroff 
p =particle 

* =hydrodynamic equilibrium 
tot =total 
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Appendix 
In this Appendix a limiting solution to the surface-renewal 

model and an analytical expression for the penetration depth 
of the solids are derived. 

Suppose that at hydrodynamic equilibrium a fully devel- 
oped concentration profile is established at the end of the 
stay of the liquid packets at the cake surface. In this situation 
the time derivative can be neglected in Eq. 4, and the result- 
ing ordinary differential equation can be substituted in the 
equilibrium condition (Eq. 8) to yield 

Eh = €,*h ; E, = E, ,=. 

Numerical solution of the nonstationary nonlinear diffu- 
sion equation (Eq. 4) using a discretization technique showed 
that the preceding analytical expression describes the compu- 
tational result within an error of 0.4% for solidities up to 10 
vol. 5%. For higher solids concentrations only the part de- 
pending on the solids holdup needs to be modified to de- 
scribe the numerical solution accurately. 

In the preceding derivations a continuum approach is fol- 
lowed, which is, strictly speaking, only valid if penetration 
depth is considerably larger than particle diameter. For low 
solids concentrations an analytical expression for the former 
can be derived. Again neglecting the time derivative in Eq. 4 
the following implicit expression can be obtained for the solids 
concentration profile in the liquid element: 

Defining penetration depth as the distance from the cake 
at which the driving force for diffusion is reduced to 1 7c of 
its value at the cake surface, it follows that 
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